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Q1. (10 marks) Let {e,}°°; be an orthonormal basis of a Hilbert space H. Prove that for
each x € H

Wllliréo(:v,em = 0.

Q2. (15 marks) Let || - ||, and || - ||2 be a pair of equivalent norms on a linear space X. Prove
that || - [|; and || - ||2 yields equivalent norms on the set of bounded linear operators on X.

Q3. (15 marks) Let X and Y be two Banach spaces over C and ¢ : X x Y — C be a bilinear

map and continuous in each variable separately. Prove that ¢ is jointly continuous.

Q4. (15 marks) Let F be a proper finite dimensional subspace of a normed linear space X.
Prove that there exists an unit vector x € X such that

|z -yl >1  (VyeF).

Q5. (15 marks) Prove or disprove (with justification): T' : co9 — C defined by T'({a,}) =
>, an is a bounded linear functional (w.r.t. usual sup norm).

Q6. (15 marks) Let T be a linear map on a Hilbert space ‘H and

(T'r,y) = (z,Ty),
for all x,y € H. Prove that T is bounded.

Q7. (15 marks) Let S be a subspace of a Hilbert space ‘H. Prove that
(SHt=S.

Q8. (15 marks) Let A be a o-finite measure space and ¢ € L*(A). Prove that the multipli-
cation operator M, has bounded inverse if and only if there exists ¢ > 0 such that

lp(x)| > ¢ (Vz € A ae).



